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A variational formulation of boundary-value problems of the non-linear dynamic theory of elasticity using the Hamilton functional
is presented. The quasi-static boundary-value problem for thin plates is considered. The initial system of equations, in a two-
dimensional formulation, is represented in terms of generalized forces and displacements. The sufficient conditions for the existence
and uniqueness of a weak solution are established. © 2004 Elsevier Ltd. All rights reserved.

1. THE VARIATIONAL FORMULATION OF BOUNDARY-VALUE
PROBLEMS OF THE NON-LINEAR THEORY OF
ELASTICITY

We will consider an elastically deformed isotropic solid body K*. In the initial configuration the body
is unloaded and, in Euclidean space, it uniformly fills the region Xj,, bounded by the surface dX;. The
position of an arbitrary point £k € K* in the initial configuration (t < 1;) is characterized by the radius
vector ry. In the time interval [t;, 7,] the body is acted upon by surface and body forces and, in the
actual configuration (t; <1 < 1,), occupies the region X U dX. The position of a point k € K* at an
arbitrary instant of time (t; < 1 < 1,) is defined by the radius vector r = r(ry, ).

In the variational formulation of the mathematical model of the non-linear theory of elasticity we
take as the initial functional the Hamilton functional
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where H = H(p, V, ® u) is the Hamilton function, p = [7(V,* & + f,)d7 is the force momentum density
vector, 6 is the Piola—Kirchhoff stress tensor of the first kind, o}, = & (rg, T) is the vector of the surface
forces, f, = fy(ry, 1) is the vector of the mass-force density acting in the region X, u = r — ry is the
vector of the displacement of a point of the body from the initial configuration to the actual configuration,
v = du/dt is the velocity vector, V;, = d/dry is the Hamilton operator, Vo ® u = Vo ®r-1, V, ® r is the
tensor of the gradient of the location, / is the unit tensor, u,(ro) = u(ry, 1) is the specified field of the
displacement vector at the instant of time 1, and p()(ro) = p(rp, T2)-

Here and henceforth all the additive parameters of the physically small region 8K C K* are
normalized with respect to the geometrical parameters 8V, 8% of this region in the initial state. In
particular
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where H and p are the densities of the additive parameters 8H and 8P, o, * and f* are the vectors of
the surface forces and mass forces in the actual configuration dV*, and d2* are the geometrical
parameters of a physically small region in the actual configuration.

The necessary condition for a minimum of the Hamilton functional is that its first variation

0F(u,V,®u,p] =
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+ [[(w)-ug) - 8pgy -y, - 3pyldV, = 0
X

should be equal to zero.
From the fact that the variations 8u, 3(V, ® u)”, 8p are independent we obtain the following governing
relations of the model

oH _ A _ A
u‘r:'zz = l'l(»a)’ rOG XO (15)

It follows from relations (1.3) that the Hamilton function H(p, V, ® u) is a function of the local state,
Eqgs (1.3)—(1.5) are the governing equations of the model, and, correspondingly, the differential 1-form
dH = v-dp+6 - d(V,®u)’ (1.6)

will be a total differential.
The sufficient condition for a minimum of the Hamilton functional (1.1) is the condition of its convexity

T2

1,49X, X,

which can be converted to the form

T2
8°F = j[f{80-8p+86 - 8(Vo®u) +2(V, - 86) - 8u}dV0Jd1 =
T, =X,
)
= [ [{8°H+2(Y,- 86) - 8u}8V,dr>0

T X

We take as the sufficient conditions for convexity, in particular, the conditions

T, T
[[8°H(®, Vo®wdvodt>0, [ [(V,:85)- Sudvydr20 (1.8)
X 7, Xo

Relations (1.3)~(1.5) and (1.8) constitute the complete system of equations of the dynamic processes
in elastic bodies.

To obtain the equations of motion, written in terms of the displacement vector, in functional (1.1)
we must change from the Hamilton function H(p, V; ® u) to the Lagrange function by a Legendre
transformation [1]
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=v-p-H (1.9

The sufficient condition for the function L = L(v, V, ® u) to exist is the satisfaction of the Legendre
condition, which is equivalent to the condition

V) 0. . = ;(90.90 3v)_(dv dv v\ ;
13(5)*0’ I 'I(ap op 3p)‘(3p p 3P) !

where /3 is the third algebraic invariant of the tensor dv/dp.
The differential 1-form for the function L can be represented in the form

dL = p-dv-6 - d(V,®u)’

The function L is the function of state, specified in the phase space of the parameters v, V, ® u.
The conjugate to them will be the generalized forces p and &, for which the following governing equations
of state hold

aL

L _ _
——p(l),VO@u), 6 = —a—VTQ—E

p=gi= =6(v,V,®u) (1.10)

The Hamilton functional (1.1), after changing to the Lagrange function, can be written in the form

F*[I.l, Vo ® u, v, p(z)] =
T

- I{I[p-v—L(v,Vo®u)+u-(g—lt’—l'o)]dVo— ja;-udzo}dr-

T X aX, (111)

- [uty Py,
Xo
For the variation of this functional, taking into account the equations of state (1.10), we obtain
T2
dF*[u, p(,] = J{ J' (%g AT 6) - dudV, + j (6,-6))" Sudzo}dt +

T, "X, aX,

(1.12)

+ [l - ud) - 8pgy - ugy) - 3py)ldV,
xo

By equating to zero the variation of the functional F*, as a necessary condition for an extremum, we
obtain the equations of the locally formulated boundary-value problem in displacements

v,- a(%';’, v,® u) +f, = (%(p(%‘, v,® u)) (1.13)

- + - ok
o"|aX° =0, ul‘t:‘tl =0, ul‘[:‘tz - u(2) (114)

For the Hamilton function we assume that

H(pp,Vy®u) = W(p)+ Uy(V;®u)

. =0m _ W8V Sm
W(P)—2PP P, p"avo"p SVO’ p _SV*

where p is the density, i.e. the mass dm of a physically small element, referred to its volume 8V in the
initial state; in the linear approximation p, = p(l1 —¢),e = V5 - u.
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The Lagrange function and the equations of state will then take the form
L(v,V,®u) = go- v-Uy(V, ®u)

_ aUO(V0®u)_
P =PV, 6—W—=6(VO®|I)

Equation (1.3) can then be written in the form

Vo 8+1, = pg” (1.15)

For elastic isotropic materials the deformatlon potential energy den51ty UO is a function of seven
independent scalar invariants of the tensors é = = (VO ®u+u®Vy)and é == (Vo Qu -u®Vy)[2]

Uy = UpI(2), (&), I(&%), I(2%), I(&® - &), 1(&% - &%), I(&* - & - & - &%) = (L16)
=Uy(A, Ay, ..., Ay) )
where
Al Af A A ~ A A ~
¢c.&=2¢-C-...-C-e-e-..-e,
i j

where I(*) is the trace of the second-rank tensor.
Taking formulae (1.16) into account, we can write the equation of state for the stress tensor of the
non-linear theory of elasticity

U, AU, 94,

0= 5V, 0w -~ 94,90V,

2. THE QUASI-STATIC FORMULATION OF BOUNDARY-VALUE
PROBLEMS FOR THIN PLATES. EXISTENCE AND
UNIQUENESS CONDITIONS

Suppose the elastic body is a thin plate of limited dimensions. In the initial state the plate is characterized
by the middle surface 0X§ and the thickness 2. The position of an arbitrary point of the plate is defined
by the radius vector ry = rgs + rg3, where ry« is the radius vector of points in the middle surface of the

plate (&3 =0);rg3 = £33 is the vector of the position of points along the normal to the middle surface

(8® € [-h, h]) and I is the unit vector in the direction of the normal to the middle surface.
For quasi-static loading

[todVo+ [ o7d% = 0

X, ax,
boundary-value problem (1.15), (1.14) consists of the equation of equilibrium and the boundary condition
on the surface dX,

+

Vo-6+f, =0, =0, (2.1)

c"laxo
Here the Hamilton functional (1.1) is identical with the Lagrange functional

Jlu] = [[U(Vo®u)~fy-uldV,~ [ @) udZ, (2.2)
X, 3X,
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The sufficient conditions for convexity of the functional (2.2) are similar to conditions (1.8) and can
be written in the form

[8'Uy(Vo®wWdv,>0, [ (V- 88)- udV,20 (2.3)
X, X,
To investigate the first condition of (2.3) we will use expression (1.16) for the potential U, as a function

of the scalar invariance of the tensors é and é. In this case the first Giteaux differential of the functional
Jlu] in the direction of the vector ¢ can be written as follows:

[E)UO(A,, A7)(

J(u, @) = | i

Xy

d
EéAi(VO ® u+ GVO ® (P))

“fo'(deVO—
0=0

2.4)
- [or-odZ, 6e(1), i=1,.7

ax,

Here and henceforth summation is carried out over repeated subscripts.
The second Gateaux differential in the directions ¢ and §s when ¥ = ¢ can be represented in the
form

) 3UyAp ..y AN d
J (uy ‘Pa ‘P) = I[——m——(d—eA,(v()@u*'eVO@(P)) +
Xo 8=0
OUy(Ay, .., A7) 3 ((d
T"ﬁd (EA"(VO@“*GV"@"’))O_O X
2.95)
d’U, (9¢,9
x(;-Aj(V0®u+yV0®(p)) dVOEJ' — Ou(&:_(p;)dvo
4 v=0 Xoaq aq ag aé
6,ye (0,1); mnt,s=123; ij=1..,T, "= ::g;, qm = %

Hence, by expression (2.5) the local sufficient condition for convexity of the functional is that the
following quadratic form should be positive definite

9V, (Bcpmaqn
aqmnaqt: aén ags

According to Sylvester’s criterion the sign definiteness of the quadratic form of inequality (2.6) is
equivalent to the condition that all nine principal minors Ay, ... , Ag of quadratic form (2.6) should be
positive.

We will assume that, in the range of variation of the external load considered, the second condition
of (2.3) is satisfied. In this case the following theorem of the existence and uniqueness of a minimum
of the functional J[u] holds [3, 4].

)>0, VeeV, mnts=123 (2.6)

Theorem 1. Suppose Y'is a weakly closed subspace of a reflexive Banach space W, while the functional
J[u] is twice continuously Gateaux differentiable. Then

A. If, for all u, ¢ € Y the first Gateaux differential J'[u, ¢] of the functional J[u] in the direction ¢
is linear and continuous with respect to ¢, while the second Gateaux differential J”[u, ¢, ¥] satisfies
the condition J"[u, ¢, ¢] = 0, a minimum of the functional J[u] exists in the space Y.

B. If a minimum of the functional exists and, moreover, the functional J[u] is strictly convex, this
minimum is unique in the space Y.

The proof requires the construction of a solution of boundary-value problem (2.1) in the form of a
weakly converging minimizing sequence. A version of the construction of such a solution for thin plates
is proposed below.
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3. A MATHEMATICAL MODEL OF THE THEORY OF PLATES

The sufficient conditions for existence and uniqueness. The Lagrange functional (2.2) of the variational
formulation of boundary-value problem (2.1) is considered in a reflexive Banach space of the generalized
functions

W= {u e Wy(Xg) X W (Xo) X Wa(X,): -’-judv0 = q, —l—jvoxudvo = B} (3.1)

0 XI)

Here W3(X,) x WA(X,) x W)(X,) is a Sobolev space with norm

1/2
"u"[wg(xo)f ={ L{[ (u1+u2+u3)dV0+J 2 ( §1)2 VO:H

Xl]‘l

o and B are specified constant vectors, and / is the characteristic dimension of the middle surface of
the plate.
We take the following sequence of vector functions as the minimizing functions for the functional J[u]

m i-1) G-1)
To3\¢ L0 . (Fo3 1
u, = Z(T) i- (rO*) me N; (—l—-) E—ETT l'03® ®r03 (32)

. D T Em——
i= ! i-1

(i-1
Here { <$> } (i € N) is a specified basis of tensors of increasing valency, the superscripts (i — 1)

and (¥) indicate the valency of the tensor functions and N is the set of natural numbers.
In this case the Lagrange functional (2.2) for the function u,, and its first variation can be represented
in the form

J[“m] = J [UO— 2 “(l) i A(I)sz0+§ 2 Q(l)+f A(i)dlo

BX; i=1 s i=1

Su,l = [ 3950870V, - 08" - ) 'aug +
axgi:l

+§3 05" - 05" 82y

si=1 (3.3)
= " f® Tos 3 ® ros\ Y o3\ ™V
"0‘{ f (T ) 2o, (F), -o-e(F)

3 . 0 (i+1) y x o (TN 3
63 = 300, VO*Ear 21 JG@(T) N
0% —h

h ; h .

N U 12 ST RN ) r\' " .3

0n = J.G@——g('%) dg’, 0n = I :®(£) dg

£13 !
- -k

The boundary values of the corresponding quantities on the upper and lower bases of the plate are
denoted by plus and minus subscripts, () = V., ® 4® and é(zl“) = 33 ® i@ are generalized
coordinates, Q(’+1) and Qg’; D are generalized forces, conjugate to them, s is the closed contour of the

middle surface of the plate and dl; is an element of arc.
From the conditions for a minimum of the functional (3.3) in the space W we obtain the boundary-
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value problem, formulated in terms of the generalized coordinates and generalized forces introduced

A(i+1) A(i+1)

Vo On —30 O» o

+ F (i+1) a (i)+

=0; [n- Q2 e =023 i=1..m (3.4)

The conditions for convexity of the functional (3.3) follow from conditions (2.3) and can be represented
in the form

) .
J- [SQ(I+1),+18A(I+1) SQ(H )|+15é(2'+1)]d}:8>0
9Xg

Ali+] ' Hli+1 sl
J-l: 505" ),+18A(1.+1) 505" ),+18e(21+1)+ (3.5)
X

N () O (R ) N
+ (803+ ® (—;’3) -d0,_ ( ?3) ) : Sﬁ(')]d}:f, >0
R ;

The results obtained enable us to formulate the following theorem on the sufficient local conditions
for the existence and uniqueness of a weak minimum of the Lagrange functional.

Theorem 2. A. Suppose

(1) in a weakly closed subspace W of the reflexive Banach space [Wi(Xo)] the Lagrange functional
J[u] is twice continuously Gateaux differentiable;

(2) in the space of the functions W a unique solution u! of the linear boundary-value problem of the
theory of elasticity, correspondmg to (2 1), exists;

(3) for the tensors 6* and & l6*=6- 0'1 &' is the stress tensor of the linear theory of elasticity) the
following condition is satisfied

[o*w - (Vo® @) dV,| <
XO

[ @ - (Vo@ @) avy)

X,

forall wv,9pe W

(4) the coefficients

(37113019, (3% T 6. 9]

of the functions
VT RN D)) L 20) = e \G-1) § .
fo = Z(%) (), @t = Y (%*) gt )
ji=1 i=1

belong to the space Lo(X)(j € N,i = 1, 2, 3);
(5) the following sufficient conditions for the convexity of the Lagrange functional are satisfied

AL Ay, ..., Ay>0 forall @#0, Vue W
I(VO -88)-dudv, >0 forall ue W
XO

Then a minimum of the functional J[u] exists in the space of the functions W.
B. Suppose the above-mentioned conditions are satisfied and the functional J[u] is strictly convex.
Then, the minimum of the functional is unique in the space W.

Proof. A. Existence. We will take as the minimizing functions the sequence of functions u,, € W,
for which
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Ju,] — inf J{u] as m— oo
ue W

For the functions of the external force loads, for which conditions 4 are satisfied, the sequence u,,
is weakly convergent as m — oo to the function

oo

i r\-D
= Z(%’) l‘lu( )(rO*)

i=

in the space W [5].

It follows from the condition for the weak closure of W in the space [W1(Xy)]® that the boundary
element u of the sequence u,, belongs to W.

Satisfaction of condition 3 of the theorem for the tensors 6*, &' ensures continuity of the first Gateaux
differential of the functional J[u]. From these conditions and the conditions of convexity of the Lagrange
functional, there follows the semi-continuity from below of Jfu], and the following inequality [4] is
satisfied

J[@] < limJ[u,,]

Hence J[u] = inf J{u,], and the function u realises a minimum of the functional J[u] in the space
w. une W

B. Uniqueness. The strict convexity of the functional is ensured by the satisfaction of conditions 5.
Since a minimum of J[u] exists, this minimum is unique.

If follows from the use of the variational formulation of problem (2.1) that the conditions of the
theorem are sufficient for the existence and uniqueness of a weak solution of the boundary-value
problem.

The results obtained here can be used, for example, to formulate and solve corresponding extremal
problems of the non-linear theory of elasticity for thin plates and shells [6].
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